Bound states of BPS particles in five-dimensional N = 2 supergravity are counted by a topological index. We compute this bound state index exactly for two and three black holes as a function of the SU (2) L angular momentum. The required regulator for the infrared continuum of near-coincident black holes is chosen in accord with the enhanced superconformal symmetry.
Introduction
The study of semiclassical soliton scattering and moduli spaces has a long and rich history. A beautiful chapter, relevant to the present work, began with the realization that a pair of slowly-moving supersymmetric BPS monopoles is described by quantum mechanics on the two-monopole moduli space, which turns out to be the Atiyah-Hitchin space [1, 2] .
The number of bound states is then determined by the moduli space cohomology, and is in agreement with predictions from S-duality [3] .
It is natural to try to develop a similar picture for supersymmetric black holes. This problem is especially interesting because it provides a new angle to study the deep puzzles associated to quantum mechanical black holes. Work on construction of the N -black hole moduli space, which we shall denote M N , began in the early eighties [4, 5] . However the black hole problem turns out to be considerably more subtle than its monopole counterpart, in part because of divergences near the horizon at intermediate stages of the calculation.
The supersymmetric moduli space for N ≥ 3 has been found only very recently [6] [7] [8] [9] . The moduli space in [5] is inconsistent with supersymmetry at sixth order in the black hole masses and was corrected in [8] .
Now that the moduli space is known, it is natural to try to compute the number of bound states of N black holes or, more reliably, the supersymmetric bound state index
where the trace is over all states in the N black hole quantum mechanics and (J 3 L , J 3 R ) are SU (2) L × SU (2) R angular momentum operators. Here one immediately encounters a puzzle. The moduli space quantum mechanics contains a divergent continuum of states describing highly redshifted, near-coincident black holes. 2 In order to compute I (N) one must regulate this continuum. It is not obvious how the regulator should be chosen.
A relevant discovery in [6] is that this infrared continuum of states is in a representation of an enhanced superconformal symmetry. This observation is obviously pertinent to an understanding of the still-enigmatic AdS 2 /CF T 1 correspondence, but the precise connection remains mysterious. 3 In [12] it was shown that the superconformal symmetry singles out a natural regulator for the infrared continuum. This regulator was then used to relate the index to 'superconformal cohomology' on the moduli space. Superconformal cohomology employs the nilpotent operator ∂ − D, where the (1, 0) form D is associated to conformal scale transformations on M N . The cohomology was computed in [12] for the simplest case of two supersymmetric black holes in five dimensions with internal SU (2) L × SU (2) R spin (0, 1 2 ). In the present paper we present a solution of the superconformal bound state problem for two and three BPS black holes in five dimensions as a function of the spin eigenvalues (j L , j R ). It is shown that for the N black hole problem the superconformal cohomology vanishes except at rank N − 1. A cohomology generating function is then defined by
2 Near-horizon infrared divergences of this type have appeared in a variety of contexts in black hole physics. The presence of a divergent continuum of states, with a naively infinite capacity for information storage, is closely related to the information puzzle. Therefore we expect a proper understanding of how to regulate this infrared divergence to be relevant to the information puzzle. 3 The enhanced superconformal symmetry group of the black hole quantum mechanics is the same as the superisometry group of AdS 2 ×S 3 , indicating some relation of the former to the sought CF T 1 of AdS 2 /CF T 1 . However the CF T 1 envisioned in [10] was e.g. the quantum mechanics of a wrapped D-brane moduli space of the type considered in [11] , which on the face of it is rather different.
where the sum is over all the superconformal chiral primary states in the N -black hole quantum mechanics. We find
The generating function Z (N) is not (as far as we know) invariant under supersymmetric corrections to the black hole quantum mechanics, so it is more natural to use the index
found by setting z = −1 in (1.3). This index is invariant under all deformations that preserve the superconformal structure of the quantum mechanics.
This paper is organized as follows. Section 2 contains a review of the geometry of the black hole moduli space, the superconformal structure, and the relation of the index to moduli space cohomology. This material is largely from [6, 12] and much of it is reviewed in [13] . In section 3 we show that the cohomology lives only in the middle dimension. In section 4 we calculate the bound state indexes I (2) and Z (2) for two black holes, generalizing the result of [12] . In section 5 we prove two more vanishing theorems that reduce the problem to the consideration of cohomology classes on certain subsets of the moduli space.
In the three black hole case this cohomology may be found exactly using several MayerVietoris type arguments, allowing us to compute I (3) and Z (3) . In section 6 we raise the issue of uniqueness of our adopted definition of the index. We discuss an alternate definition which does not involve the superconformal structure and gives a trivial result (at least for N = 2).
Review of Superconformal Black Hole Quantum Mechanics
In this section we review pertinent results on the quantum mechanics of slowly moving black holes. We follow the notation of [12] where many of the statements are derived in more detail.
Consider N slowly moving BPS black holes in five-dimensional N = 2 supergravity with no matter. For sufficiently slow motion, the dynamics governing the relative positions is described by a quantum mechanical sigma model whose target space is the N -black hole moduli space. 4 Points on M N are parameterized by the relative positions of the N black holes. 5 The quantum mechanics has four linearly realized Poincare supersymmetries inherited from the four spacetime symmetries which are unbroken by the BPS black holes.
It also has an SU (2) L × SU (2) R global symmetry arising from spatial rotations and an additional R-symmetry which we denote SU (2) I .
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At very low energies one finds that the theory splits into two different types of decoupled sectors. One describes noninteracting, freely moving black holes while the other describes strongly interacting, near-coincident black holes. The near-coincident quantum mechanics has an enhanced superconformal symmetry D(2, 1; 0) which has eight supercharges and incorporates SU (2) R spatial rotations [15, 6] . We denote the near-coincident moduli space M N . The superconformal structure highly constrains the geometry of M N
[16] as we now describe.
The Geometry of M N
The near-coincident N -black hole moduli space M N has a triplet of self-dual complex structures obeying
for r, s = 1, 2, 3. The complex dimension is given by
The metric is
In this expression, the complex coordinates
In the N -monopole problem, the moduli space has an asymptotic identification under the permutation group S N , corresponding to the fact that the monopoles are identical particles. This identification is required for smoothness of the moduli space in the interior. In the black hole case, in contrast, the moduli space is smooth without identifications. Implementing S N identifications could induce extra cohomology above and beyond what we find herein. Whether or not this is appropriate may depend on microscopic considerations and cannot be semiclassically determined [14] . In this paper we do not consider such identifications. 6 In [12] this R-symmetry was denoted SU (2) R .
are adapted to I 3 , and
The z a are built out of the real coordinates of the black holes X A , A = 1, ..., N after factoring out the center of mass in the usual way. We will use indices a, b, ... for the n complex coordinates and M, N, ... for the 2n real coordinates. L is a function of the black hole positions given by
Although this function is at first sight divergent, the infinite part of L does not contribute to the metric (2.3)-we refer the reader to appendix A for details. Removing this irrelevant part, we find that L obeys
where K is the function
The metric (2.3) has a complex homothety generated by the Lie derivative L D g ab = g ab , which acts on scalars as
We use D a (Dā) to denote the homothetic vector field −z a (−zā) andD (D) to denote the associated (0, 1) ((1, 0)) form constructed with the metric g ab . The norm of D is just
The imaginary part of (2.8) is part of an SU (2) R triplet of isometries generated by
There are also SU (2) L isometries generated by
where K r are the triplet of anti-self dual complex structures.
Using the metric and the complex structures, one may construct holomorphic and antiholomorphic two-forms
7 For simplicity we have set all the black hole charges equal to Q. I − obeys the relations
with * the Hodge dual. 8 In the X A coordinates φ is given by e 2φ = detg. (2.14)
The Hilbert Space as (p, 0)-Forms
The Hilbert space of the black hole quantum mechanics can be identified with the space of (p, 0)-forms f p on M N . The inner product is
The action of the superconformal algebra is simply represented on (
is the semidirect product of SU (1, 1|2) and SU (2) I . The SU (2) I is generated by the Lefschetz action of
The bosonic R-symmetry in SU (1, 1|2) is SU (2) R , and is generated by the Lie derivatives (2.10). The supercharges are in the (2, 2) of SU (2) R × SU (2) I . The operator L 0 is the hamiltonian associated to the metric (2.3) with potential (2.9). The actions of the weight
) charge and its adjoint with respect to (2.15) are
where
Commutators of these basic operators then generate the full algebra. 8 In contrast to the conventions of [12] , we here include complex conjugation.
Chiral Primaries
A chiral primary is a normalizable (p, 0)-form that is annihilated by both G . From (2.17) this is equivalent to the harmonic condition
Thus the chiral primaries are harmonic representatives of H p (M N ), which we define to be the cohomology of normalizable (p, 0)-forms on M N relative to the differential operator ∂ − 2D. The D(2, 1; 0) algebra can be used to show that a normalizable solution of (2.19)
. This implies the relations
where j R is the eigenvalue of and f p is an eigenform of J 3 R . These last two equations follow from our choice of complex coordinates adapted to J 3 R in which D a = −z a . Further useful relations may be found in [12] . A chiral primary with j R = 0 would be an SU (2) R singlet annihilated by all eight supercharges. It is easy to see that this is impossible. Hence j R is strictly positive.
The Bound State Index
For theories with eight supercharges in five dimensions, the weighted numbers of BPS states are given by an index-roughly the difference in the numbers of hypermultiplets and vector multiplets. This index is invariant under smooth deformations of the theory.
It has been computed in some examples of M-theory compactifications in [11] . For the case of multi-black hole bound states, a prescription must be given for regulating the infrared continuum of near-coincident black holes. In [12] a regulator was proposed which amounts to working in a basis of L 0 rather than Hamiltonian eigenstates. L 0 differs from the Hamiltonian by the potential K (equation (2.7)) which eliminates the infrared divergences. With this prescription computing the index reduces to counting the chiral primaries, weighted by (−) 2j R . Since the SU (2) L generators J L commute with all the superconformal generators, the index can be refined by inclusion of a J 3 L weighting factor
The quantum mechanics on M N and hence expression (2.24) does not include the center of mass degrees of freedom of the N black holes. Including this would multiply (2.24) by a factor of (y
A Vanishing Theorem
In this section, we show that chiral primaries f p exist only at middle rank. That is,
We will take f p to be a J 3 R eigenform with eigenvalue j R and hence obeying (2.22). Our strategy will be to first show that all chiral primaries are annihilated by I − .
Given a chiral primary f p , it is straightforward to verify that the action of
generates a new chiral primary (if it does not vanish). Using
a ∂b and L the finite expression in appendix A, the norm is
If boundary terms can be ignored, this integral vanishes upon integration by parts with respect to ∂. Note that the factor of e −2K in the integral insures that the boundary terms vanish at large K.
We wish to show that the boundary terms vanish at small K as well. To do this, we will introduce cutoff functions into the integral and then show that the error terms they introduce can be made arbitrarily small. Let ρ µ : (0, ∞) → [0, 1] be a sequence of differentiable compactly supported cutoff functions such that ρ µ (t) = 1 for t ∈ [ With these hypotheses, we have
The cutoff function allows us to integrate by parts obtaining
The derivative of the cutoff function is converging to zero pointwise. Hence, (given the finiteness of ||f p || 2 ) the above limit vanishes if we can show that
bounded independent of µ.
First we note using (2.9) that
On the other hand, we show in appendix A that
for some constant c N depending only on the number of black holes.
Thus, the integral (3.2) vanishes. Since the integrand is nonnegative it must vanish pointwise. Consistency then demands that all chiral primaries obey
Comparing with (2.16) we see that this is equivalent to the statement that f p is a lowest weight SU (2) I state annihilated by I − . On the other hand, since SU (2) I mixes the supercharges which annihilate a chiral primary only among themselves, chiral primaries are representations of SU (2) I . It then follows from (3.8) that chiral primaries must be I-singlets, and hence have
This can be expressed as the vanishing theorem for superconformal cohomology
The Index for Two Black Holes
For N = 2 we can find the chiral primaries (i.e. the group H 1 (M 2 )) by direct computation. The metric is
where X ≡ X 1 − X 2 is the relative separation of the black holes, and c = 12π 2 Q 3 is a constant. We have
We denote the usual complex coordinates built out of the X as z 1 and z 2 .
For n = 2, we find that the chiral primary conditions (2.20)-(2.23) are satisfied only if f = αK 2j R −1 D for some function α obeying
We can calculate the norm (2.15)
whereα denotes α restricted to the unit 3-sphere S 3 = {| X| = 1}. Thus j R ≥ 1 2
andα must be integrable on S 3 . Clearly α must be a homogeneous polynomial inz 1 andz 2 of order 2j R − 1, since singularities of the form (z 1 ) −1 and (z 2 ) −1 are irregular and would cause the norm to diverge. There is a basis of 2j R such polynomials:
We may choose our basis of J L generators so that these polynomials have J . This is summarized by
We adopt here the notation that H p (M N , j L , j R ) is the restriction of the cohomology to . Summing the chiral primaries with fixed j R weighted by y 
The index (2.24) for N = 2 is then obtained by summing over j R :
The index (4.7) does not generate all of the cohomology because of the unweighted sum over j R . A generating partition function for all the cohomology can be defined by
This partition function is not in general a supersymmetric invariant index of the black hole quantum mechanics, but nevertheless usefully summarizes the results of our computation.
For N = 2 we have
. (4.9)
The Index for Three Black Holes
The computation of the index for N > 2 black holes is considerably more involved. We first prove two more vanishing theorems that hold in the general N case. We then apply these to the case of three black holes and, using several Mayer-Vietoris type arguments, compute the bound state index.
Two More Vanishing Theorems
In this subsection we consider two appropriately defined regions V N and W N of M N and find that the Neumann cohomology on these subsets is trivial for positive j R . Here, V N is the region near the singularities of the function K (i.e. near-coincident black holes) and W N is the region where K is small (i.e. widely separated black holes). This result will enter into the exact sequence for the cohomology derived in the next subsection.
It is convenient to work in terms of rescaled forms
which we take to obey Neumann boundary conditions on the region V N , so that the pullback of * h p to the boundary of V N vanishes. 9 The inner product (2.15) reduces to
If f p is a cohomology element relative to ∂ − 2D then h p is a cohomology element relative
We consider the functional E(h p ) defined as
where i D = * D * is the adjoint of the wedge product with D = ∂K. In this expression the norm is determined from (5.2). In the second line a boundary term which vanishes due to the Neumann condition has been dropped in integrating by parts. Using
∇ a e −φ D a = 0, and integrating by parts the last term in (5.4) can be written
In writing (5.5) we assume the boundary ∂V N is invariant under the action of J 3 R so that h p can be taken to be a J 
So far we have said nothing about the region
so that V N is near the region where one or more black holes are coincident, then the sum of third and fourth terms in (5.6) will be greater than ||h p || 2 . Also, note that the last term in (5.6) is nonnegative if the outward unit normal to V N , call it n V , obeys
So in this case
It is a theorem from complex analysis that the bound (5.9) implies the vanishing of cohomology (see, e.g. section 4.4 of [17] ). We therefore conclude that if V N obeys (5.7) and (5.8), then the Neumann cohomology of V N is trivial,
The simplest example of such a region is just V N = {K > 2j R + 1}.
We now consider the opposite case, namely a region W N such that
for some constant a. In this case, we may conjugate the differential operator ∂ − D by e K to get e −K (∂ − D)e K = ∂, the usual differential operator. The function e K is bounded on W N , so the cohomology is unchanged. 11 We therefore need to show that the functional
satisfies the appropriate bound. First, note that for any number α we may follow the logic of (5.4) to get
Let us further demand that D a n W a > 0, (5.15) where n W is the outward directed normal to
for any j R and h p obeying Neumann boundary conditions. Equation (5.14) then becomes
For any j R > 0 we may choose an α small enough that (2αj R − α 2 a) > 0, so (5.17) implies the vanishing of cohomology. We thus conclude that if the region W N satisfies (5.11) and (5.15), then the positive charge Neumann cohomology of W N is trivial,
The simplest example of such a region is just W N = {K < a} for some constant a.
Exact Sequences Relating Subsets of M N
We will now use these two vanishing theorems to study the cohomology of M N .
Consider a W N satisfying (5.11) and (5.15). Hodge duality sends
and interchanges Neumann and Dirichlet boundary conditions, so
The exact sequence of forms
induces a long exact sequence relating the cohomology of W N to that of its complement .7) and (5.8) then our vanishing theorem on M N \ W N assures us that
For future reference, let us apply this formula in the two black hole case, with W 2 = { x : | x| > c}. Plugging in the result (4.5) we find that W 2 has nonzero cohomology
We will also make use of a slightly modified construction. For a choice of V N and W N that satisfies (5.7), (5.8), (5.11) and (5.15), and whose union is the entire space M N , define the region Y N to be
Y N resembles a shell surrounding the singularities of K. We have the short exact sequence So we must compute the cohomology of the three spaces U 1 ( ∼ = U 2 ), U 3 , and
One more definition will help. For i = 1, 2, let
This includes a region that is singular with respect to the usual metric on M 3 ; for example,
We will remedy this by taking the metric on the | x 2 | ≤ c component to be non-singular;
we replace the
is a cylindrical tube with a hole removed at | x 1 | ≤ c. With the change of variables
this region looks like U 2 , and in fact with the non-singular metric on U 1 3 these two regions are quasi-isometric. We conclude that for the purposes of cohomology, U
Moreover, note that U 
First, let us compute the U 
where we use the fact that W 2 has cohomology only at negative j R , so that only the positive charge cohomology of B * will contribute (see appendix B) if we evaluate H p (U i 3 ) at nonnegative j R . We conclude from (5.22 ) that the only nonvanishing cohomology is at p = 1. But note further that we can replace H 1 (W 2 ) by H 1 (B * ). Therefore the quantities Second, we will use (5.31) to compute H p (U 3 ). Let us see that
3 ) = 0. This space is a B * fibration over the space S = { x : x 1 = x 2 }. We will show that H p (S) = 0.
For computing cohomology, the space S can be identified with B ∪ W 2 . The intersection is B ∪ W 2 ≃ B * . From the preceding subsection, we know that cohomology of W 2 vanishes for non-negative j R . Hence for charge j R ≥ 0 the relevant exact sequence reduces to 
3 ) = 0. At negative j R we apply Hodge duality to the positive j R results, and conclude that H p (S) = 0 for all j R . Substituting the results of the previous two paragraphs into (5.31), we find that the only nonvanishing cohomology of U 3 is
Third, we notice that
This is clear because U 1 ∩U 3 is defined by the conditions c < | x 1 | < 2c and 4c
Now we are ready to substitute all these results into (5.29). Recall from the preceding section that the only nonvanishing cohomology of Y 3 is at p = 1. The long exact sequence reduces to
. Using (5.26), we conclude that
It is useful to further refine the equation (5.37). The cohomology appearing in any exact sequence can be restricted to eigenspaces of an operator which commutes with ∂ −D.
In the case at hand, for p-th cohomology, two such operators are J , whose eigenvalues are denoted j L and j R − p 2 . We then have the relation
In this expression the second and third arguments of the cohomology groups are the J 3 L and J 3 R eigenvalues, respectively.
The Index
The partition function for three black holes is, according to (5.38),
and the superconformal index is
(5.40)
Super-Poincare Cohomology
In this paper we have defined the index I (N) by exploiting the enhanced superconformal structure of low-energy black hole quantum mechanics. One may also define the index using only the superpoincare structure. This leads to the standard formula for the Witten index in supersymmetric quantum mechanics as the dimension of the kernel of ∂ + ∂ † minus the dimension of the kernel of the adjoint. In order to make this well defined we must restrict to L 2 forms (without an e −2K measure factor).
It is not hard to see, at least for N = 2, that there are no L 2 eigenstates of (∂ + ∂ † ) 2 and this definition leads to a trivial index, in contrast to the superconformal result (4.7).
This comes about because the states which contribute to the index as computed in (4.7)
in some sense live at the boundary of moduli space (where black holes coincide) and are lost in the restriction to L 2 states.
Potentially, these different definitions of the index are answers to different physical questions. Which definitions of the index will be useful for a full understanding of lowenergy black hole dynamics remains to be seen.
Appendix A. The Behavior of L
In this appendix we detail some properties of L and verify the bound (3.7) used in the proof of the first vanishing theorem.
The expression (2.5) for the function L is divergent, but this divergence disappears after differentiating L to form the metric. The irrelevant divergences can be subtracted, yielding the finite (for X A = X B ), but more complicated-looking, expression [6] 
with
K. We wish to show that the quantity
is bounded in the regions of small K < where f is some function of the angular coordinates. Now, using
Plugging in (A.4) we integrate to find |∂ − L| 2 /K = 1 4 ln 2 K + f (Θ) ln K + g(Θ) where f and g are both functions only of Θ. We conclude that
This goes to 1 4 at K → 0 and at K → ∞ since f and g are both bounded functions. Thus (A.3) is bounded at both small K and large K.
